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A model for hysteretic magnetic properties under the application of noncoaxial stress and field Although descriptions of the effect of stress on spontaneous magnetization within a single domain already exist, there remains no adequate mathematical model for the effects of noncoaxial magnetic field and stress on bulk magnetization in a multidomained specimen. This article addresses the problem and provides a phenomenological theory that applies to the case of bulk isotropic materials. The magnetomechanical hysteresis model of Sablik and Jiles is thus extended to treat magnetic properties in the case of noncoaxial stress and magnetic field in an isotropic, polycrystalline medium. In the modeling, noncollinearity between magnetization and magnetic field is taken into account. The effect of roll-axis anisotropy is also considered. Both magnetic and magnetostrictive hysteresis are describable by the extended model. Emphasis in this article is on describing properties like coercivity, remanence, hysteresis loss, maximum flux density, and maximum differential permeability as a function of stress for various angular orientations between field and stress axis. The model predictions are compared with experimental results.
I. INTRODUCTION
Up to the present, various models'-'i have been advanced to describe the effect of uniaxial stress on magnetic properties. However, there has been very little theory developed for the case of uniaxial stress applied noncoaxially with the field.'/13 Clearly, one major difference in this latter case is that many of the magnetic properties should have a dependence on the angle 8 between field and stress axis.
In this article, we extend the magnetomechanical hysteresis model developed by Sablik and Jiles7-9" * to the case of noncoaxial stress and field. The model will be developed in several stages:
( 1) Tensor relationships will be used to develop an angular dependence in the expression for the stress contribution H, to the effective field H,. (2) Since magnetostriction il contributes to H, via its derivative ail/&V, an angular dependence is also derived for the magnetostriction.
(3) Noncollinearity of magnetization M with the applied field His considered and the resultant magnetization is obtained from contributions due to domain wall translation and domain wall bowing, in a manner similar to the magnetomechanical hysteresis model for coaxial stress and field 7-9.11 (4) The effect of roll-axis anisotropy is also included. Numerical results from the model will be compared to experimental results for the case of stress axis perpendicular and parallel to the field.14*15 Also, the predictions will be compared to experimental results obtained by Kaminski et a1.' 3V'6 for stress axis and field at various angles.
II. FORMULATION OF THE STRESS CONTRIBUTION TO THE EFFECTIVE FlELD
The magnetomechanical hysteresis model for coaxial stress and field has been developed over a period of years.7-9," A complete discussion of the model may be found in Ref. 17 . The model is a macromagnetic model, distinguishing bulk magnetization and bulk magnetostriction, but not distinguishing domain wall types, as in the model of Schneider et al. 4p6Jo In the magnetomechanical hysteresis model, the first step is to obtain an expression for the effective field, which includes an expression for the stress contribution H, to the effective field. The effective field H, is determined from (1) where p. is permeability of free space and A is the Helmholtz free energy density.' Since
it follows that 1 a%,
where G is the Gibbs free energy density, U is the internal energy density, a: is the interdomain coupling constant, and p isthe angle between the magnetization and field direction. &$'$'= is the magnetoelastic coupling energy density, given by E&=o&;:r, (6) where a, is the applied uniaxial stress a, taken to be along the z-axis, and where e:z, is the magnetostrain developed along the direction of magnetization (here along the z' axis). The magnetostrain e;z, may be expressed in x-y-z coordinates as'* me e =,=, = ez cos2 q.3 + er sin2 p -er sin 4, cos q,
where q5 is the angle between the magnetization and the stress axis. In an isotropic polycrystalline material, erZ=O and eklv= -ue,, where v is Poisson's ratio.9911917 It therefore follows that F",,=a[eF(cos2q-ysin2q) ].
This relationship has also been deduced by Kwun12 from Barkhausen noise amplitudes for noncoaxial stress and field. Magnetostriction A in this case is defined as the change in magnetostrain in the stress direction, and there-
where (ez)o is the magnetostrain in the demagnetized state. Note that magnetostrain is zero in the saturated state,20 but that magnetostriction is zero in the demagnetized state.i7 It follows that the stress contribution to He is 1 aEo,, &=---PO cm or 3 LT aa .
(10) Equation ( 10) was given previously without derivation.13
Ill. ANGULAR DEPENDENCE OF THE MAGNETOSTRICTION IN THE NONCOAXIAL STRESS AND FIELD CASE
The expression for H, depends on dL/dM, but there is also an implicit angular dependence in A. =A (4).
We here follow our previous development for the magnetostriction,g~"'17 but now incorporating angular dependence. The magnetostriction was derived via minimization of the energy density EeI+Em, ,  with respect to the strains, which is necessary for mechanical equilibrium. These terms are 
%ag=b-w2+ %ys 9 (llc) where a,=o, az===sin f$, a3=cos $,
and where Whys is the extra magnetic energy density associated with magnetic hysteresis, which produces a departure of the system from the magnetization that it would have in thermodynamic equilibrium. Because the polycrystalline system is essentially isotropic on the macroscopic scale, it follows that exx=eyy= --ye,, Also it has been shown17 stant a may be related to as (22) that the domain coupling conthe saturation magnetostriction a= PY@Q.h&l f (r+2>&>1, (23) where
IV. FORMULATlON 0F ANGULAR DEPENDENCE. IN THE MAGNETIZATION
We here follow the development of the original magnetomechanical hysteresis formulation,7-9~' ' but with angular terms incorporated.
Thus, the total magnetization is given by the expression
where M,," is the domain wall bending contribution8S21 which involves reversible changes, and where Mi is the irreversible contribution to the magnetization due to domain wall translation. M, is the anhysteretic magnetization (i.e., the magnetization in thermodynamic equilibrium, attained experimentally by imposing an ac component to the dc field H and gradually reducing the ac component to zero amplitude). The constant c is the ratio of the initial susceptibility (i?M/aH) at H=O to the anhysteretic susceptibility (dM,/aH) at 
The derivation of this equation is similar to the one for dMi/dH in case of coaxial stress and field.7p'7S21 The constant k is proportional to the pinning site density and the constant S is f 1, depending on whether the applied field is increasing or decreasing.
The anhysteretic magnetization in the isotropic limit is given by7,'7,21
where 3'(x) =cos X-l/x is the Langevin function, and where a is a constant that is proportional to the domain density in the demagnetized state. 17321
The angle /3 can be written as Q-4, where 8 is the angle between the stress axis and the field and where as stated earlier, + is the angle between the magnetization and the stress axis. The angle 8 is determined by the external conditions, but # depends on internal constraints.
To obtain the angle 4, we minimize, with respect to #, the thermodynamic work potential per unit volume, given as sz=U-j.&-JHMcos(e-&--~hJ(cos2~-vsin2f$). (27) Note that in the case when the sign of the product do is positive the last term on the right-hand side reduces 0 when 4 decreases. The second term reduces Sz when (3-4 decreases. Physically, this says that for positive magnetostriction, tensile stress pulls the magnetization toward the stress axis, whereas compressive stress deflects the magnetization away from the stress axis. The magnetic field on the other hand always pulls the magnetization toward the field axis.
To a first approximation, we neglect here the dependence of A on 4. The internal energy density U was given in Eq. (4). The equilibrium condition da/d+ =0 results in cos tj(sin #+q sin e) =7J cos 8 sin 4,
where
By squaring Eq. (28) and substituting cos2 4 = 1 -sin2 4, one obtains a quartic equation, namely
O=sin4 #+2r] sin 19 sin3 $+ (v2-1)sin' 4 -2~sin8sinf$-~2sin28.
This quartic equation is solved numerically by Ferrari's method.22
V. lNCLUSlON OF ROLL-AXIS ANISOTROPY Magnetic anisotropy, particularly that due to anisotropy introduced by the rolling of steel alloys, is discussed by Chikazumi and Charap.23 For the purpose of this dis- cussion, we shall consider only roll-axis anisotropy introduced in the same directon as that of the stress axis.
One can represent the energy density contribution due to such anisotropy as a uniaxial anisotropy of the form Otherwise, the derivation proceeds as before.
VI. NUMERICAL RESULTS
Figures l-3 display the results of a numerical calculation for the case of K,= 150 J/m3. The behavior for this case is essentially equivalent to the case of K,=O. Thus, under zero stress, hysteresis loop parameters like maximum flux density ( B,,), remanence ( B,), coercivity (H,) , and permeability at the coercive point (p,) all have the same value regardless of how the field is oriented relative to the axis chosen to be the stress axis. Under a nonzero stress, it makes a difference how the field is oriented relative to the stress axis.
The numerical curves in Figs 
where the domain coupling constant a is now altered by the roll-axis anisotropy, yielding an effective a0 given by (33) The equation for the magnetization under these conditions is derived by a procedure similar to that in Eqs. (24) Figure l(a) shows plots B,, (in tesla) at H=20 kA/m vs stress (T (in ksi) for angles between field and stress axis given by O", 22.5", 4S', 67.5", and 90". One notes that at zero angle, B,,, is predicted to increase monotonically with stress, starting at negative stress (compression) and changing over to positive stress (tension). When field and stress axis are at 90", the prediction is reversed, with B max decreasing with stress, going from compression to tension. Nonmonotonic behavior is predicted for 8= 67.5", with Bmax decreasing with stress under compression and B first decreasing and then. increasing under tension. grangles of 22.5" and 45" correspond to prediction of monotonically increasing behavior of B,, with stress.
The reason for the nonmonotonic behavior at 8 = 67.5" can be understood from Fig. 3 (a) , which shows a model calculation for angle 9 as a function of stress. The change to what one might call "low angle" behavior, where B,,,, increases with stress, occurs at 20 ksi. From Fig. 3 (a) , 4 is approximately 58" at 20 ksi and approximately 64" at zero ksi. The factor cos' 4-y sin2 C$ appearing in H, changes from positive to negative as f$ increases, equalling zero when (p = tan-'( m> = 62.5". This is the angle C& for which the change in behavior occurs in the stress dependence of B,,,,,. Figure 1 (b) shows a model calculation for remanence B, vs stress 0: The remanence is predicted to show behavior similar to that of Bmax vs o. Thus, B, increases with increasing stress at zero angle and decreases with increasing stress at 90". Again, the curve for 8=67.5" exhibits nonmonotonic behavior.
Figures 1 (c) and 1 (d) shows model predictions of families of curves for B,,, vs 8 and B, vs 8, each curve corresponding to a different value of applied stress. For the high positive stresses, B,,,, and B, are predicted to show decreases with increasing angle; whereas for high negative stresses, they exhibit increases with increasing angle. The curves tend to cross at 6=67.5", which is in the vicinity of the angle for H,=O, namely 4 = tan-'( G) = 62.5". Figure 2 (a) shows the behavior predicted by the model for coercivity H, (in A/m) vs stress (T (in ksi). At zero angle, the coercivity is predicted to decrease with increasing stress, whereas at 90", the opposite behavior occurs, with coercivity increasing with increasing stress. At 67.5", the coercivity first increases, then decreases with in- creasing stress, consistent with other nonmonotonic behavior predicted for 0= 67.5". The model prediction for the permeability ,u~ at the coercive point is plotted against stress in Fig. 2 (b) . Here it is predicted that ,uu, increases with increasing stress at zero angle and decreases with increasing stress at 8=90", in a manner similar to B,, and B,. Again, at 8=67.53 nonmonotonic behavior is predicted.
Figures 2(c) and 2(d) display the predicted behavior for H, vs 0 and ,uctc vs 8. At high positive stresses, H, increases with increasing 8, whereas the opposite behavior is seen at high negative stresses. On the other hand, at high positive stresses, ~1, decreases with increasing 8, and at high negative stresses, increases with increasing 8. Again, 8=67.5" is an angle for which H, and ,u~ at the different stress levels remain approximately constant, representing the changeover from positive to negative H, in Eq. ( 10). Figure 3 (a) has been discussed earlier. However, we note here that at 6=0", one finds C$ =Oq as one might expect. Also at 8=90", so also is 4=900. In other words, C$ only differs from 8 when 0"<0<90".
Note too that C# is larger under compression and smaller under tension. This is not surprising since tension should pull the magnetic 90' ,,9Q f- Figures 4-6 show the same set of curves as in Figs. l-3 but with KU=5000 J/m3, so that roll-axis anisotropy is introduced. The main changes are that the plots against stress no longer cross at zero stress, but instead the crossing of stress values occurs at approximately 20 ksi or slightly higher. This is not surprising since when a-0 and hence H,=O, there is still an angular effect which enters from the roll-axis anisotropy contribution to the effective field. At positive stress values, the H, contribution and the roll-axis contribution tend to cancel. Similarly, in the plot against angle 8, it is the 20 ksi curve and not the 0 ksi curve, which tends to show very little variation with angle.
VII. COMPARISON WITH EXPERIMENTAL RESULTS
Langman I5 has published data showing the variation of magnetic properties with uniaxial stress for angles of FIG. 9. Normalized experimental data for 'coercivity against stress ( -2O-+20 ksi). This time the specimens have been quenched and tempered and this time the compositions are 0.5, 0.6, 0.7, and 0.8 wt % C. In this case, the field and stress axis are coaxial (0=0").
Similarly, under tension, BII continues at first to increase with increasing stress, but the variation is more gradual, with BII exhibiting a peak and then small decrease with stress. Again, this is a result of the Viilari effect. Under tension, B, decreases-with increasing stress, similar to the behavior predicted in Fig. 1 (a) .
The trends seen by Langman thus are predicted by our model, except for the Villari effect, which can be added to the model by providing a stress dependence for the magnetoelastic coupling constant 6.
Figures 7 and 8 show experimental data taken at Ames Labbratory of the variation of coercivity with stress from -20 to 20 ksi for the cases of 8=0" and 8= 90", respectively. The data is normalized by the value of coercivity at zero stress. The four different plots are for carbon steels with different percentages of carbon, namely 0.1, 0.2, 0.3, and 0.4 wt % C. The steel was heat treated after being cast. 8=0" and 8=90", i.e., for field parallel to the stress axis (HII case) and for field perpendicular to the stress axis (HL case). In Fig. 2 of his article are displayed plots of B ,,,= vs stress for various levels of maximum H.
The pattern seen by Langman is similar to that seen in Fig. 1 (a) . Under compression, BII increases with increasing stress (i.e., decreasing compression) and BL decreases (but much more gradually) with increasing stress. Langman actually shows a slight increase, then a decrease in the behavior of Bl under decreasing compression. This is due to what is commonly called the Villari effect and is a result of variatioris in the magnetoelastic coupling constant with stress (or equivalently, variations in il, with stress). In Ref.
7, we demonstrated how the Villari effect could be produced by assuming an ad hoc stress variation in /2,. (-20-+20 ksi). Again, the plots are for 0.5, 0.6, 0.7, and 0.8 wt 46 C. This time, however, the field and stress axis are perpendicular (0=9W).
This time the field and stress axis are perpendicular (&9W). In this spheroidization heat treatment, the steel was held at 900 "C! for 2 h then held at 700 "C for 48 h. Clearly in Fig.  7 , with the applied field at 8=0" relative to the stress axis, the trend is a reduction in coercivity as the stress changes from -20 to +20 ksi. This is the trend seen in Fig. 2(a) for 8=0". The experimental variation differs from the predicted variations at positive stresses, in that the experimental tendency is for the coercivity to reach a minimum, then increase slightly. This is again due to the Villari effect. The experimental variation seen in Fig. 8 for f3= 90" is essentially the opposite of that seen in Fig. 7 . The trend is an increase in coercivity as stress increases from -20 to 20 ksi. This time at r3 = 90" the coercivity minimum occurs for negative stresses. Similar but slightly less distinct behavior is seen for the coercivity in Figs. 9 and 10. These figures are for steel heat treated in a different manner. In this quenched heat treatment, the steel was held at 950 "C for 2 h, then water quenched, then annealed at 700 "C for 2 h. In this case, the carbon percentages are 0.5,0.6,0.7, and 0.8 wt % C. Here there is a much smaller variation of coercivity with stress. In Fig. 9 , at 6J=o", there is at best a very slight overall reduction in coercivity with increasing stress, although possibly a better description would be to say that to within experimental error ( * 5%), there is essentially no change to be distinguished. In Fig. 10 , at 0=90", the behavior is similar to that in Fig. 8 , with a Villari minimum at negative stress and an increase in coercivity at positive stresses. In this case, the minimum is lost in the experimental error ( j= 5%), and the trends described in Fig. 8 can only be barely distinguished in Fig. 10 .
Figures 11(a)-11(c) show coercivity data for chromium-molybdenum steel containing 2.25 wt % Cr and 1 wt % MO. This type of steel is used for steam pipes in power plants. In this case, the steel was cut from a pipe that previously had been in service in a power plant. A similar coercivity plot is seen in Fig. 12 , this time for spheroidized 0.2 wt % C carbon steel. In this case, the crossover from 8=0" behavior to 19=90" behavior occurs slightly differently for the in-between angles. Figure 13 displays the results for spheroidized 0.1 wt % C steel.
It should be mentioned here that all the experimental data displayed was taken at Ames Laboratory using a probe that could be brought up to the sample surface. Windings were not wrapped around the sample to determine flux density in the sample itself. Thus, the signal actually measured the flux density of the core in the probe. But, of course, the signal was duly influenced by the properties of the sample, which in turn couple to the stresses in the sample. Mathematical analysis should allow the intrinsic magnetic properties of the test material to be determined from such measurements. The reason why we have shown only coercivity plots is that the flux density measured in the probe's magnetic core should be proportional to the flux density in the sample. Thus, both flux densities are zero at the same time, and the measured hysteresis loop exhibits the same coercivity as found in the sample itself. We are presently exploring procedures for extracting the other magnetic properties of the test material from the measured hysteresis curves.
VIII. CONCLUSION
The general angular trends seen in the experimental data are predicted by the model, except that the Villari effect is not presently incorporated in the model. Thus, at 8=0", coercivity tends to decrease in going from negative stress to positive stress, as predicted by the model, and as shown in Fig. 2 . Experimentally, the Viiari effect is seen at positive stresses, as seen in Figs. 7 and 11-13, in that the coercivity decreases to a minimum and then increases slightly. At 90", the opposite behavior is seen experimentally with coercivity increasing from negative to positive stress as predicted by the model, as shown in Fig.  2 . Experimentally, at negative stresses, the Villari minimum is seen, as shown in Figs. 8 and 10 .
Similarly, at 8=0", the model predicts that maximum flux density increases from negative to positive applied stress, as shown in Fig. 1 . A Villari maximum is additionally found for positive stress experimentally.14~'5 At 8=90", the model predicts that maximum flux density displays the opposite behavior, decreasing from negative to positive stress. Experimentally, a Villari maximum is found at negative stress.
In the future, we have plans for a method of incorporating the Villari effect into the model predictions via a stress dependence in dA/dM. We also plan to investigate more closely the effect of microstructure and material properties on the magnetic response.
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